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Fluctuation Dissipation Equation for Lattice Gas with
Energy
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In this paper we introduce a “lattice gas with energy,” and obtain the “fluctua-
tion dissipation equation” for it. The system has two conserved quantities, the
number of particles and the total energy. Once the “fluctuation dissipation
equation” is established, the hydrodynamic limit is easily deduced from it by
using the methods found in ref. 1 for this model.
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1. INTRODUCTION

In this paper we introduce a Markov process of a system of many particles
which carry “energies” and move on a large cubic lattice, exchanging their
energies with other particles. We investigate its hydrodynamic scaling limit;
in particular we derive the “fluctuation dissipation equation” for it.

In this Markov process a particle moves to a nearest neighbor site
obeying the exclusion rule at a rate which depends only on the energy
carried by the particle. One unit of energy is transfered from a particle to
another particle located in a nearest neighbor site of the particle with the
generalized exclusion law which is introduced by Kipnis et al.” The
dynamics has two conserved quantities, the number of particles and total
energy. This model is of “non gradient type.”

The hydrodynamic limit for systems of non gradient type have been
obtained for various models (cf. refs. 1-4; see also refs. 5 and 6 for asym-
metric models where a similar method is used), where it is a crucial step to
derive the “fluctuation dissipation equation.” The equation is essentially
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introduced and verified by Varadhan® for a “non-gradient” Ginzburg-
Landau model.

In this paper we establish the fluctuation dissipation equation for the
model we introduce. The framework of our proof is similar to that origi-
nally devised in ref. 4 and developed by others. We study a quadratic form
of central limit theorem variance for the time evolution of a finite system
and its limit as the size of the system tends to infinity. This limiting
quadratic form naturally defines a Hilbert space of functions of configura-
tions on the infinite lattice. This Hilbert space contains all functions of the
form Lf, local functions f acted by the formal generator L of the asso-
ciated infinite particle system. Our main task is to identify the orthogonal
complement of the subspace of {Lf} in the Hilbert space with the
2d-dimensional space of the “gradients” of two conserved ‘“quantities.”

Adapting the method of ref. 1 we can deduce from the “fluctuation
dissipation equation’ that the hydrodynamic limit holds true for the model
in the sense that the sequence of empirical density fields for our process is
tight and any of its limit density field is a weak solution of a system of dif-
fusion equations of two components. Since the jump of particles and the
transfer of energy is allowed only between neighboring sites, the model is
mirror symmetric with respect to each coordinate axis. From this it will be
inferred that the system of diffusion equations is in a diagonal form with
respect to the coordinates of the space variable, namely all the diffusion
coefficients of the partial derivatives that involve two coordinates of a
spatial point vanish.

This paper is organized as follows: In Section 2 we introduce our
model and state the main results. In Section 3 we give a spectral gap esti-
mate and related ones. In Section 4 we characterize the class of closed
forms. In Section 5 we compute some variances. Finally in Section 6 we
prove the main results.

2. MODEL AND RESULTS

Let A, be a d-dimensional cube in Z¢ with width 2N +1, centered at
origin. Let #=(#,).c4, denote a configuration of the lattice gas with
energy where for each x, 7, € {0, 1, 2,..., k}. Let us define &, :=1;, .. We
regard that if £, =0, then the site x is vacant, and if &, =1, then there
exists a particle at site x; furthermore if there exists a particle at site x, then
this particle has the energy 7,..

For a point x € Z¢ we use the norm

d
Il ==Y Ixl,

i=1
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and for a directed bond b = (x, y), x, y € Z¢ we define
|b] :=|x—yl.

We consider the two types of jump: firstly a particle jumps to one of its
neighboring vacant sites and secondly one unit of the energy on an occupied
site is transfered to one of its neighboring occupied sites if any according to
a generalized exclusion law.

Let #*? and 5*~” be the configurations defined by

1, if z=x,
n>="), ={n., if z=y,
s otherwise,

ne—1, if z=x,

). ={n,+1, if z=y,
N, otherwise.

Let 7% and 7"~ be the operators defined by

&N f(n) = f™)— f(n),
T () =) = f(n),

for any local function f. Let . (r), ¢, (r) be functions of r = 0, 1, 2,..., k such
that ¢, (0) =0 and ¢, (/) >0 for all 1 </<k, and ¢, (0) =c,(1) =0 and
Ce(l)>0forall2</<k.

For a directed bond b = (x, y), let L, and .%, be the operators defined
by

Lbf(n) = cex(nx)(l _éy) n(x’y)f(”)-‘rcge(”x) 1{1<r,y<k71}77x_>yf(’7)a

L, f () :=&(1=&) n®V 1) + 1y, 50 L <y <y "2 f (),

for any local function f. For any directed bond b = (x, y), let ¢,(y) be a
function defined by

cb(”) = cex(nx)(l _éy) +cge(’7x) 1{1 <ny <k—1}-
Then

Ly f(n) = c,(m) £ f(n)
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for all local functions f. Let L, be the Markov operator defined by

LN = z Lb'

bedy, bl=1

Since for each local function f there exists n, such that for any n > n,

L.f=L,f,

we simply write Lf for L, f if n is large enough.

We regard the process as a gas of particles with energy. A particle
at site x moves to neighboring site y at rate c,,(#,), which depends only on
the value of the energy of the particle, if y is vacant. Between two
neighboring particles the energies are exchanged by the same stochastic
rule as the (k—1)-generalized exclusion process, which is introduced by
Kipnis et al.®

Consider the family of product measures on the product space
{0, 1, 2,..., k}* with the marginal distribution

1—p if =0,
1
_ p——o if /=1,
Pp,p({” S :[}) = Zato,
-1
1 (x(p, p)) if 2<i<k

p
Zotp,p) Coe (2 cge(?’) T Cye 0]

for all xe Ay, 0< p<1 and p< p <kp, where Z,, , is the normalization
constant and o(p, p) is a positive constant depending on p and p and
uniquely determined by the relation

E, [n.]=0p.

From the definition, we have reversibility, or what is the same thing, our
model satisfies detailed balance condition, namely

cge(nx) 1{1$ﬂwék71}Pp,p({’7})
= cge((nx_)w)w) 1{1 <(r/x_'w)xsk—l}}_)p,p({nx_}w})’ (1)
Pp,p({n}) = Pp,p({r/(x’W)})

for any p, p,x,we Ay, x#w and 7€ {0, 1,2,..., k}*, which means that
L, is symmetric with respect to P, )
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For any directed bond b = (x, y) and for any local function f, g let us
deﬁne 9b(f‘a D, p)a 9b(.fa & D p) by

Dy(f5 0, ) =2 (f. [ P, P),
Dy(f,8 P, p):i= _Ep,p[f(Lb +Ly) gl,
where b’ = (y, x). Using the reversibility (1) we have
2,(f. & p.P)=E, ,[c,(% f)(%8)] @

for all local functions f, g, and for all directed bonds b = (x, y).
We write A cc Z? if A< Z* and |4| < . Let us consider canonical
measures P, , . defined by

PA,y,E(')3=Pp,p<'

2 éxzya Z ”x=E>
xed xed

for AccZ? 0<y<|4| and y < E <ky. Then reversibility similar to (1)
hold for the canonical measures. For 4 = Z* define

F, = g-algebra generated by {#,: x € A}.
We also define
g?b(f9 Aa Y, E) =g?b(fsf9 Aa Y, E)a
gb(f, g4,y E):= _EA,y,E[f(Lb +Ly) g]

forall AccZ% 0<y<|d|, y<E<ky, b=(x, y) € 4 and &, measurable
functions f, g, where ' = (y, x). We have the formulas for & similar to

2.
Following ref. 1, we introduce the “fluctuation dissipation equation”
for this model. Let us define

% := {h: his a local function and satisfies £, _, ;[#] =0
for some n and for all y, E}.

Let 7, be the shift operator which acts on all 4 = Z and all local functions
h as well as configurations # as follows:

T, A:=x+A,
T.h(n) := h(z.1n),
(Te!): =1 -



224 Nagahata

Let us introduce the spatial averaging operator defined by

Av :—L Z

xed B |A| xed
for A =< Z°. For any h, g € ¥ we can define, for all sufficiently large /,

VO(h y, E):=VO(h, h; y, E)
V(I)(ha g; ya E) = EA/,y,E[ AV Txh(_L(l))_l AV Txg]a
stIl

stIl
where [, = l—\ﬂ, LO=Av,. 4 =1 Ls-
Lemma 2.1. For any g € ¢ there exists a limit

lim V(g y, E)].

E
l»oo,(‘,fj, i~ 2.

We will prove Lemma 2.1 in Section 5. Let us define V' (g; p, p) by

V(g p,p):i= lim Vg y, E)].

Iaoo,(,Aill,M—i,)a(p,p)

Let us define the current ‘w = (‘w®, ‘w®) by

Wf == (L(O,e) +L, 0)) Mo
Wf = _(L(O,e) +L(e,0)) &.

We also define the density gradients ‘(V#) = (‘Vy, ‘'V&) by

(Vﬂ)e =H.— Mo
(V&) :=&.—&.

For a, b € R¥, denote by (a-b) the standard inner product on R¥. Let / be a
local function. For any directed bond b we can define > ., % 1,.h, for
which we write %, 3", . z¢ 7.4 although the infinite sum Y, 7,4 does not
make sense. Similarly we write

2
9b<zd’rxh;pﬂp>=Ep,p|:cb<"% Z Txh> ]
xeZ xeZ

and so on. With these notations our main theorem in this paper is stated as
follows:
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Theorem 2.2 (Fluctuation Dissipation Equation). Fix densities
p and p. Then for any 2d dimensional unit vector a,

inf V((«-(w+D Vij+ Lg)); p, p) =0,
g

where the infimum is taken over g = ‘(g,,..., &,) such that all components
are local functions, Lg="'(Lg,..., Lg,;) and D=D(p,p) is a 2dx2d
matrix defined as follows.

Let D(p, p) = (ﬁi’ (D> P))ijeppy bE @ 2X2 matrix defined by the
variational formula: for any 2-dimensional vector «,

(- D(p, p)a) = Z “iﬁi,j(P» P

i,je{E, P}

= lI:f 9(0,6) <(OC t(”Os fo))"’ zd .U, p, p>

xeZ

where inf, is taken over all local functions. (Here E, P are two indices,
suggesting energy and particle, respectively.) Put

E, [ni1-p° (l—p)p>
A-pp p-p /)
Dy(p, p) = D(p, p) x”(p, p).

x(p, p) :=<

(x~'(p, p) denotes the inverse matrix of y(p, p).) Then for the case d =1,

D:= Dl(pa P)
and for the case d > 2, the ((i, e), (j, ¢')) component of D(p, p) is given by

if e#é

D . Lo oi=
( (psp))l,e,],e {(Dl(P,P))i,j if e=é€

foralli, je {E, P}.

Remark. Let p be a finite range, translation invariant, irreducible,
symmetric transition probability on Z“. Then we generalize our generator
to

Ly:= z p(x_y)L(x,y)’

x,yeAy
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and accordingly extend Theorem 2.2, but in general it seems that

(D(p7 p))i,e,j,e’ # O

for i, je {E, P} if e # ¢'. But if p is mirror symmetric with respect to each
axis, then if e # ¢’

(D(p9 p))i,e,j,e’ = O

for i, je {E, P}. In our model p is mirror symmetric since it is given by the
transition probability of the simple random walk on Z“.

Remark. Adapting the method of ref. 1 we can deduce from
Theorem 2.2 the hydrodynamic limit for the present model in the sense that
the sequence of empirical density fields for our process is tight and any of
its limit density field is a weak solution of the following system of diffusion
equations

2 0 0 0
P _ E P
p (t, 0) g 60 <DE,e,-,E,e,-(p) ae p (t7 0)+DE,e,-,P,e,-(p) 60 p (t7 0))
P - a E P
5700 = % 2 (Dr ) 3 P00+ Dy 3 97(1.0))

under the periodic boundary condition in the space variable 6 € [0, 1]¢
where D is the diffusion coefficient matrix given in Theorem 2.2 and p*
and p® are densities corresponding to 7 and ¢ respectively. The problem for
the uniqueness of the weak solution to the Cauchy problem for such a
system of diffusion equations seems unsolved in the existing literatures. In
ref. 7, however, the present author proves that if d > 3 then D(p) is smooth
in p, from which the uniqueness would be obtained. Hence for d > 3 the
hydrodynamic limit is established in the usual sense.

3. A SPECTRAL GAP ESTIMATE AND RELATED RESULTS

Main results of this section are Lemmas 3.1 and 3.3 later. Adapting
the methods of refs. 8 or 9, we get a spectral gap estimate under the measure
conditioned on the particle number and the total energy.

From here to the end of the paper we fix the parameter of the product
measure p, p, and omit them from the notations P, E, V, & unless stated
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otherwise. In this section all the estimates are understood to hold uniformly
in parameters of product measures. Let us define S®? and S§*~” by

S y)” c= n(x, y)’
S’x—»y,7 :znx—»y‘

Let y(x, y) denote the canonical path from x to y, namely, y(x, y) is the
nearest neighbor path that goes from x to y, moving successively as far as
it has to do in each of the coordinate directions, following the natural order
for the different coordinate directions. It is formally defined by

y(x, ) :i={z(i): 0<i < |x—y|}, 3)

where z(i) = (z(i),,..., z(i),) are given as follows:

-
|
—_

z(i); = x; for i< ), Ix—wl,
1

|xk _ykla
1

j—1
. . Yi—X;
Z(’)jzxj"‘(’_z |xk_yk|> —

2(i); = y; for i>

™M T

k=1 |yj_xj|
j-1 j

for Z e —yel <i< Z % — Vil
k=1 k=1

Let us define 2*~?( f) and 2%7( f) by

D*(f) 1= Elee (1) Lo <y <y (@7 1) (1))*]
DEI([) 1= Elce ()1 =) (V1) (1)1,

for a local function f.

Lemma 3.1. There exists a constant C such that for any local
function f, we have

7)< Clx—yl b Z;'w—l Zy(f), 4)
PENHLSClx=yl Y D), )

bey(x, y), bl =1

where y(x, y) is the canonical path from x to y.
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In the proof of Lemma 3.1, the next lemma plays an important role.

Lemma 3.2. There exists a constant C such that for any local
function f, we have

E[(x*9f)* 1< CPo,o(f)

The Dirichlet forms 2*~7, @, etc are defined by means of grand
canonical measures. Note that the same statements as Lemmas 3.1 and 3.2
hold for the corresponding Dirichlet forms for the canonical measures.

Proof of Lemma 3.2. Lemma 3.2 is essentially proved in ref. 8. We
have and only have to show that

E[ 1<y <y (@)1 < CE* D, 0 (S). (6)

Fix 1 < a < b <k, consider the configuration # with #, = a and #, = b. For
0 </ < b—a, let ' be the configuration defined by

n'i=mn,
n':=8%"1"  for 1<I<bh—a.

Using the Schwarz inequality and reversibility (1) we have

Ellyur-n@®2f)1<b-a) Y Y By

I=1 nno=a,m.=b
Cela+1)---c(a+l-1)
cge(b) o 'Cge(b_l)

Since ¢, > 0 for b > 2, and the number of ¢, in the last line is at most 2k,
there exists a constant C such that

(f)— "=

E[l{ﬂo=a,ne=b}(n(0’e)f)2]

b—a
SCh-a) Y, Y (') PUn' D)~ f (' H)™

I=1 mno=a,n.=b
Summing up over 1 < a < b < k, we have (6) as required. ||

Proof of Lemma 3.1. Let z(i) :=z, ,(i) (0 <i<|x—y|) be defined
by (3), namely z(i) is the ith point from x on the canonical path y(x, y).
In order to estimate (4) we take a large jump corresponding to Dirichlet
form to nearest neighbor jumps which are allowed in our model or
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used in Lemma 3.2. We can express a large jump from x to y as a compo-
sition of at most 2|x — y| — 1 nearest neighbor jumps. We write the configu-
ration corresponding to the ith nearest neighbor jumps by S, for
0 <i<2|x—y|—1. Formally we define S;n by Syn := 17,

Si’7 — S(z(i_l)’z(i))S,-_lﬂ
for1<i<|x—y|—1, and
—y=1) > _
Sy = SHEAD=g
and
S = SECk-i-D.22k—y=i)g

for [x—y|+1<i<2|x—y|—1. Then we have S, ,_, =#""’. Hence we
have

2x—yl—1
() = Z (f(Sm)—f(Sizim),

i=1

and

FSm) = f(S;_am) = D=Of(S, )

forl<i<|x—y|—1,and

f(‘S'|x—y|’7)_f(‘S'|x—y|—ln) = nlx_yl_l_’lx_ylf(S|x—y|—1’7)9

and

F(Sm) = f(S;_yy) = mCCHATTDECEDITD (S, ),

for |x—y|+1<i<2|x—y|—1. Using the Schwarz inequality and Lemma 3.2,
we have

2|x—yl-1

(IS QIx=yl=1 Elce(n) Y, (f(Sim)—f(Siaim)*]

i=1

SCle=yl Y 2(f).

bey(x, y), 1ol =1

We can obtain (5) in the same way. ||
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Lemma 3.3. Suppose A, A ccZAnA =P, A#F and x¢ A
u A'. Then there exist constants C;, C, such that for each %, ;-
measurable function f, and for all z € 4.

E[( L ELf | Fa o9 D* | F ]

C - _ . ) 2
<mE[(f—E[f|=7'Ar]) I«%']JrCzi\E\ZE[(zy,x)f) |71 (D)

Applying Lemma 3.1 we have the following corollary of Lemma 3.3.

Corollary 3.4. Suppose that ze 4, and z+e ¢ A,. There exist con-
stants C;, C, such that for each %, -measurable function f,

E[("%Z,z+e)E_‘[f | 97/1,, ])2]

<SS E(-EfDI+Cn AV Y ELGS ®

|An| V€dnze bey(y,z)

where y(y, z) denotes the canonical path from y to z defined by (3), and
4 =7, .4

n,z, e z+ne“ n-

Adapting the methods of refs. 8 or 9, we can easily deduce the following
spectral gap estimate from Lemmas 3.1 and 3.3.

Corollary 3.5 (Spectral Gap Estimate). There exists a constant C
such that for any positive integer n, y, E satisfying y < |4,|, y< E<ky

E e[ (f=Ey4,, [ fD1< anb Zlbl_l Dy(f; A, ¥, E).

Proof of Lemma 3.3. We adapt the method of ref. 9. We only prove
the case 4" = ¢, since the proof of the case A’ # ¢J is similar to that of
the case A' = F. Without risk of confusion, we simply write E[ - | r] for

E[- |{n, =r}1, P(y) for P({n}), P(n, =r) for P({n: n, =r}) and so on. By
the definition

Lo ELS 1] =15y (1=EELS | 0= ELS | ]}
+1{r>2}1{1<q,<k—1}{E[f|r_lj_E[f“]}- €

Denote a covariance of f, g with respect to E by

E[f;gl:=E[fg]l—-E[f]Elg].
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Let us define f*» and f”~* by
FE) = E(1=¢,) f(n™),

S = 1{2<ny<k}1{1<;;X<k—1}f('7y_'x)»

for y e A. For 1 <r < k we define M " () by

1
Mexr _ v 1
(’7) E[l{” _r}] yeA {ny=r}-

Note that EfM <" | 0] = 1. We have

ELfIr-ELf10] =AY 5

;_ _ _ £y
2 =0]r] E[(1-&)(f =) r]

+E[f; M7 |0]— ELf; Av 1=¢)1r],

E[(1- é )] (10)

forl<r<k.
Similarly let us define M%>"(y) by

Pln,=r]
Ce(r+1) Py, =r+115

M3 (n) = Av c(n,)-

From reversibility (1), we have
E[MS" |r]1=E[ly<y <i—ny |71,

for 1 <r<k—1. We have

E[f|r+1]1- E[flr]—AV Elc(1,)(f*~*=f)r]

1
4 E[cg]

1
E[l{lsngk—l} [r+1]

ELf; A‘; Ly <i—ny |7+1]
ye

+ELf; M5 |r]. (11)

forl<r<k-1.
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Using (9)—(11) and the Schwarz inequality we get
E[(%x,Z)E[f | ‘97{3(} ])2]

<CPE=0) Y, PL. =)

1
<{(Ay o FLA-EXS =111 )

+(ELS M3 10])°
BLfi Ay (1-8)171 ) |

k-1

+CP(1<y, <k-1) Z P, =r+1)

1
+<E[(1—éz+e) 7]

{(Av e E[cge(ny)(fw—fnr])

E 2
E AV 1o, cre 1
< [1{1<,,,<k,1}|r+1] [f yed {1<n, <k 1}|7‘—|— ]>

T (ELS; M5 | r])z}.

We calculate to see

- — 1 1-P(n, =
ELM "~ ELM37101710) = e 22

forall 1 <r<k, and

L E[(cgejE[cge])z]
| Elcg]

E[(M%" —E[M5"|rD?|r]= P(1<n, <k-1).

for all r. Using these results and the inequality

ELf;g1<(ELf; f1ElggD"?

valid for all local functions f, g, we conclude that

E[(L»ELf 1 74 D] SQE[(f—E[f])z]JrCz ;”;VA E[(Z,.5)1 1

|
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4. STRUCTURE OF THE SPACE OF CLOSED FORMS

In this section firstly we introduce and characterize the space of
translation covariant closed forms for our model, and secondly we show
that any limit point of functions of the form %, ,)Av [z,u] with certain
moment conditions is essentially in this space.

For any directed bond b = (x, y), we define 7, by

x €A

nroY if #,=>2 and 1<n,<k-1,
T ={n>? if &.=1 and &, =0,
n otherwise,

so that

&, f(m) = f(Tyn)— f(n).

A set of functions {®,}, is said to be closed or a closed form if the follow-
ing condition holds: for each finite sequence of directed bonds b,, b,,..., b,
and each configuration #, such that #” =7y, if we define 7', 0<i<n, by
n’=nandn’' =T, n'"", then

> D, (" H=0.
i=1

We consider the special cases. If a pair of a directed bond b and a configu-
ration # satisfies 7,7 =7, then from the defining relation in the case n =1
we have

®,(n) =0, (12)

for all closed forms {®,},. If a pair of a directed bond b= (x, y) and a
configuration # satisfies T,n ##, then T;, ,T(, ,n =7. Hence in the case
n =2 we have

¢(x, y)(”) = _ds(y,x)(nn) (13)

for all closed forms {®,},, if T, ,,n # 7.

A closed form is said to be translation covariant if it holds that
b, =1,P,, for all sites x and all bonds 5. From (12) and (13), we can
represent the translation covariant closed form by {® ,,}., where e varies
over positive unit vectors on the lattice. We consider the set of the
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representatives of translation covariant and square integrable closed forms %,,
which is formally defined as follows. Given {®, ,,}. let us define {® _,,}.
by

0, if T, _on=mn,
¢(o —e)(ﬂ) = . (14)
’ —1_,D o) (Tt 0)1)s otherwise

and for all [x— y| =1, let us define {®, ,}. ,) by

Q(x’ ») = Txdj(o,yfx)' (15)
Using these notations we define ¢, by
G, :={{DP. )} : {Ps}, defined by (14) and (15) is closed

and E[®{, ,,] <oo}. (16)

Given a finite box 4,, we decompose {0, 1,..., k}* into ergodic classes.
Two configurations 7, w € {0, 1,..., k}"" are in the same class if and only if
there exist a positive integer / and a sequence of bonds {b,, b,,..., b} where
b; € 4, for all 1 <i </ such that

’7271"1 07;7171 o Onlw'

Each ergodic class is determined by the conserved quantities .., &,
Dxea, .- We pick up arbitrarily a pair of integers y, E satisfying
0<y<|4,|, y<E<ky. For each pair of integers y, E, we write &,  for
the ergodic class determined by >, &, =y, and Y, , #, = E. Further-
more for each &’ ; we pick up an element of it and denote it by 77 ;. If
n € &', g, then we can find a sequence of bonds {b,, b,,..., b;} such that

’7=7-l'71 07-1'7[,1 O s OT‘I‘)]”Z,E‘

Given a closed form {®,},., , we put
- 1
G'(n):=— D, (T, o T, , o - T, 1, p),
i=1

for n e & . In view of the definition of the closed form, it is not difficult
to see that G" does not depend on the choice of the sequence of bonds.
Therefore G” is well-defined for # € &, ; and for any ¢ € R, it holds that

Z,(G"(n) +c) = D,(n),
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forallye &’  and b e 4,. Put

G"(n) := Gn(’?) _EA,,,y,E[Gn]

for ne &’ ;. Carrying out such constructions for all y, E, we get the
#,,-measurable function satisfying

£,G"(11) = Dy
E,, ,:[G"]=0

for be 4, and for all y, E. G" is an normalized “integral” of the closed
form {®,}.

Lemma 4.1. We have 4, c 4, + %, where 4, ¥, are defined by

%, := the linear subspace of functions spanned by {% .70, Zo,)0 }e>

G, = {{g(oye) D ryg} : gisalocal function},
y e

and %, + %, is the closure of %, + %, in the Hilbert space L*(P).

Proof. We adapt the strategy found in ref. 8. Since .%, and the con-
ditional expectation E[-|%, ] commute if b= A,, {E[D,|F;, 1}ses, 1S
closed on A;,. We can “integrate” and construct an %, measurable
function G*" such that

%4,G(n) = E[®, | 74,1,
E,, . e[G"]=0,
for all y, E. We define A" and ¥, by
h":=E[G"|Z,],

1
v=————9% h".
b (2n+1)? b xszzd T

Since {¥}}, are translation covariant, we only consider {¥{, .}, where
e varies over all positive unit vectors on the lattice. Throughout the rest
of this section we fix a positive unit vector e. Without risk of confusion
we simply write ¥" for %7, ,. Noticing that A" is &%, measurable, we
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decompose P" as the sum of the interior part 27 and the boundary part
Q}, where 27 and ) are defined by

1
Qli=——
YT @2n+1)4
n ., 1 n 1 n
Q) -=WZ0,¢3) )y T,h +W Lo, > T,h"

Viye€dn, yteg¢ Ay y:y ¢y, yteed,

Loy 2 Th

Yy, yt+eedy,

It holds that
E[|¢(0,e) _Qﬂz] -0
as n—oo. Indeed, since % and conditional expectation E[-|%, ]

commute for b € 4,, we have

1 _
or=__ - Bl 7 .1,
1 (2n+ l)d y:y,);eeA,, [ .9 I TyAn]

and since we have
lin;) E[|¢(0,e) _E[¢(0,e) |9’—zyAn]|2] =0
for all y satisfying y, y+ee 4,,.

To deal with Q7 we show that the boundary term is bounded in L*(P).
We decompose Q7 into two parts B, B, defined by

1
Bfi'=—— %, T h"
(2n+1)d @ y:yeA,§'+8¢An g
1
B, i =———%,. T, h".
(2n+1)d ©9 y:y¢A,§+eeA,, g
Lemma 4.2. It holds that
sup E[|BX|*] < . 17

Proof. Using Corollary 3.4, we have only to estimate those quanti-
ties which correspond to two terms appearing on the right hand side of (8).
By the definition of G*, E[G]=0 and E,, , ;[G"]=0 for all y, E.
Therefore

E[(G"—E[G"])*] = E[E,,,, s[(G"—E,, , [[G"])]].
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According to Corollary 3.5 the right hand side of the last equality is less
than or equal to

C(3n)* ¥ E[®,]1<Cn'.

be A3,

we also have E[(%,G*)?]<CE[®;]<C'. Hence an application of (8)
shows (17). |

Since the boundary terms B} are bounded in L*(P), we can take a
weak limit of each. We write B* for each of them respectively.

Lemma 4.3. The limit points B* depend only on #, and #,.

Proof. We show that B~ depends only on 7, and #,. By the con-
struction, B, is measurable with respect to the g-algebra generated by
{ne, 1 : x € 2%, (e-x) < 0}. The weak limit B~ inherits this property.

We claim that if the bond b = (z, y) satisfies

|Z_y|=19 (E'Z)SO, (ey)<0 and Z,y?éO, (18)

then &, , B~ =0. This implies that B~ is an exchangeable function of
{n:, x#0, (e-x) <0}. Using the Hewitt-Savage 0-1 law, we conclude the
proof of the lemma. To see the claim above let us consider a part of
boundary of 4,

I_;:=1_;’_’n:={xeAn:(e.x)=_n}.

Then for each bond b= (z, y) satisfying the condition (18), there exists
ny = ny(z) such that for any n > n, we have

#{xel,:zet A, y¢r A, orz¢t A, yet.d,}
0 d=1,
<{2 d=2, (19)
22n+ 1> d=3.

By simple computation we have

t.E[ ¥, ,G"#] ifboth z,yer. 4,
0 ifboth z,yé¢r A,
(20)

Sy h" = 41 E[G™| 7] ={
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On using (19) and (20), Lemma 3.3, and the Schwarz inequality, there
exists a constant C such that

EL(4B) <

7.

Hence we conclude that %, ,,B~ =0 as required. ||

We derive certain equations for B~, which specify the function form
of B~. We can rewrite B, = %, ,H, where H, :=3% . t.h". By the defi-
nition of I, and A", H, does not depend on #,. By this fact some terms
vanish on special configurations;

Loe, o) By (n) = ZZe,e)(ZO, e)Hn)(ﬂ)
= — L= L= g <m<i-1y + L3 L =0y L =y
+ sl k- Lgas 2 B, (1)
+ Lo > 20 L =0y Lt < <=1y Lize, B ().

Since B~ is a weak limit of B, , this equality holds for B~.
Similarly we have

5/’?0, —e)B; (n) = a%o, —e)(’ZO, e)Hn)(ﬂ)
== {1{’7—9=0} 1{’70>0} l{ne=0} + 1{n,e=0} 1{no>2} 1{1 <7 <k—1}

gy kL= lp<p<k-ny} B7()

+ {1{1<ﬂ—e<k—1}l{'l0>2}1{ﬂe=0} + 1{1<n_e<k—1}1{no>3}1{1<ne<k—1}}
X {‘%0, —e)(Hn(TEO, e)”) _Hn(ﬂ))}

From the definition of H, we have

"%0, —e)Hn(”) = z E[é(O, —e) I eg’;,(/l,, ]

1
@n+1)? o,
Since {®, }, is shift covariant and bounded in L*(P), %, _, H, (1) vanishes as

n— 0.
If # satisfies

(To, 0y Tto, —yMo + (Ti0, 0y Ti0, ey —e = (Ti0,eyMo + (Ti0, M) —e (21)
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then we can apply the method which is applied to %, , H,(n) also to
Lo, —oH, (T, o). On the set {n:1<n_,<k—1,7,>3,1<y,<k—1}, we
certainly have (21). Hence 1, ,<iiylsala<n<i—1y Lo, —oHi(Tio,oM)
vanishes as n — co. But on the set {n:1<#_,<k—1,7,>3,51,=0}, (21)
fails to hold. But on this set we have

-5/(0, _oH, (T(o, e)’7) = {Hn (T(o, ol —e)’7) —H, (T(—e, 0T0.0 T, —e)’?)}
+ {Hn (Tife, O)T(o, e)’7) —H, (T(o, e)’?)}
- {Hn (sze, o, 2)77) —H, (T(—e, YRS 4)’7)}" (22)
and
T, To0,0M =T 10, 0 L (.00 Tt0, 0y Tt0, —0) 1
(Tho, o Tto, —yMo + (Tio, &y Tto, —yM—e = (T(_e, 00T, ¢ (0, —eyMo + (Li—e, 0y (0, ) Tt0, —e) 1) —e>

(]-E—e, 0) ]-EO, e)n)O + (]Z—e, 0) TEO, e) ”)—e = (TEO, e)”)O + (]-EO, e)”)—e .

In the same way as dealing with %, _, H,(#) we therefore see that the first
and second terms on the right hand side of (22) vanish in the limit. On this
set the third term of (22) is equal to

=B, (Ti_. 0yTio, 0 Tto, —)1)-

We conclude that B~ satisfies the following equations:
Lee.o B0 = =Ly L0y Ly < <ty F i > Lm0y Lo -y
sl ey L2} B7()
+ 152 L 0y Lt < <—13 Lize, o B~ (1) (23)
Zo, —e)B_(”) == {1{n7e=0} l{no>0} l{r/z=0} + 1{»7,¢,=o} 1{}7022} 1{1<;h <k-1}
+ 1{1<'7—e<k—1}l{ﬂo=2}1{1<ne<k—1}} B~ (n)

o< ek s =0 B (Te 0 T0,0 T, —o)-  (24)

From Lemma 4.3 B (n) depends only on 7, and 7, we write
B~(n) = f(n,,n.) and solve f where f is a function from {0, 1, 2,..., k} x
{0,1,2,...,k} into R. Substituting special configurations (for example
no=1,n7,=0,7, =1)in (23) and (24), we get
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f(, =0, for 1>2,
f(Lky=0, for 1>2,
£(0,1)=£(0,0), for I>1,
fa,my=fd,m+1), for 1>2, 1<m<k—1,
£0,1)=0, for 0<I<k—I1,
f(,)=0, for 1<I<k—1,
fU=1,00—f(,0)=—f(m+1,1—1), for 122, 1<m<k-—1,
fa—=1,m)=f(d,m), for 1>2, 1<m<k—L

The solutions of these equations are

a if 122, 1<m<k-1
f,m)={al+b if 121, m=0
0 otherwise

where a,beR are parameters. We can easily check that %, ,#, and
Zo.%o constitute a basis of these solutions.

We have shown that @, ,, is approximated by ¥{, ,, —£2; and all limit
points of Q7 are elements of %,. This concludes that 4. =« 4, +%;. |

The next lemma will be used to prove Lemma 5.2 in Section 5.

Lemma 4.4. Suppose that a sequence of functions {u, }, satisfies the
following: For each k, u, is #, measurable and there exists a constant C
such that

Av E[(%u)’1<C
be A

uniformly in k. Let us define a set of functions {¢}}, by

k o k
(x, x+e) = Tx¢(o,e)

koo
(0,e) +— iﬂ(o,e) Av [Tyuk]a
yedg

for all x and e with |e| = 1. Then each limit point of {¢}}, is a translation
covariant closed form.

Proof. By the definition, {¢}}, is translation covariant. Hence we
have only to prove that each limit point constitutes a closed form. But the
proof of the fact is parallel to that of Lemma 4.1. We omit the details. ||
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5. CALCULATION OF Vv
We introduce two linear spaces of functions:
" := the linear space of functions spanned by {wZ, w!},,
LY :={Lg: gis alocal function}.

Obviously these are subspaces of 4. In order to state a formula for V'(g)
with g e "+ L%, we introduce some notations. For any local function 4
and any g e 9, let

g, hyo =<8, h)o (p, p) 1=, E[gt,h].

(Recall that p and p are omitted from the notations P, E etc.) For any
ge Y, let

1.(8)=1t(gp,p):=Y (e-x) E[n.g],

X

5.(8)=s.(gp,p):=), (e-x) E[¢.g].

X

From the definition of ¢, these are well-defined. From the definition of V'
we can easily get the following proposition.

Proposition 5.1. For any 2d-dimensional vector «, any local func-
tion /2 and any g € 4, we have

V(z (aFw? +a5w5>+Lh,g)= Y {oFt,(g)+o”s.(2)}— (& .

From the definitions of s,, ., <-)y, and %, we get the following
relations which will be used to prove the Theorem 2.2 in Section 6.

5:(We) = =0 0 D 0,0(%0)s 25)
t.(We) = =0, 0 Do,y (o, &) (26)
s (wg) = —0e,0 %0, (10> €0)s 27
t.(wg) =0, %00, (28)

s,(Lu) = 9(0, ) <fo, z Tx”)a 29
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te(Lu) = 9(O,e) <770’ Z Txu>9 (30)
(Lu,v)o=— ) D0 <Z T, Y ‘cxu>, 3D
e:e>0,]e=1 x x
Se(ve’é) = _52, e'p(l _p)’ (32)
te(ve’é) = _58,9’(1 _p) P (33)
<u, Ve’§>0 = 09 (34)
Se(Ve'n) = _6e,e’(1 _p) p7 (35)
te(Ve'n) = _62, e'(E[n(z)] _p2)9 (36)
{u, V1o =0, (37)

where 9, , =1 if e=¢’ and 0 if e # ¢’ and 9, (&), e.g., denotes the value
of %y, ., (h) for the function A(n) = ¢,.

Lemma 5.2. For any / € 4 we have the variational formula;

lim [VO(h; y, E)]
10, (G () = (7 9)
=sup {2V (h, (- w)+Lu))+V ((ox-w)+ Lu)} (38)

o, u

where supremum is taken over 2d dimensional vectors o and all local
functions u.

Proof. Once Lemmas 4.1 and 4.4 are established the proof of
Lemma 5.2 is the same as that of Theorem 4.1 of ref. 8, that of Theorem 5.2
of ref. 2, or that of Lemma 8.4 of ref. 1 since the proof does not depend on
the specific form of 2,. |

Let us consider the equivalence relation ~ in ¢ which is defined by
h~H ifand only if V(h—Hh')=0,

and the quotient set of ¥ relative to the relation ~ . Since we always iden-
tify 4 and 4’ if A~ A’ in what follows, without running a risk of confusion
we denote the quotient set by the same letter 4.

Lemma 5.3. It holds that
9"+ L%  isdensein ¥ (39)

where ¥ is the closure of ¥ relative to the inner product V.
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Proof of Lemmas 2.1 and 5.3. Let us define V*(h, g) and V (4, g)
by

V*(h,g)=V*(h,gp,p):= lim [V O(h, gy, E)],
zaoo,%,m)a(p,p)
V(h,g)=V (h,gp,p):= lim [(VO(h, g . E)],

1= o0, (pi (1) = (22 9)
for all 4, g € 4. From the trivial identity

VO(h, by y, E) =V P(h—((- w) + Lu); y, E)
+ 2V D(h—((o-w) + Lu), (- w)+ Lu); y, E)
+VO(((a-w) + Lu); y, E),

neglecting the first line which is not negative and taking the inferior limit of
the both sides, we deduce

V=(h,h) =2V (h—((oc-w)+ Lu), ((oc-w) + Lu)) +V ((a- w) + Lu)

for all 2d dimensional vectors a and all local functions . This combined
with (38) yields

V=(h,h)=V~*(h, h) (40)

for all he . Lemmas 2.1 and 5.3 follows from (38) and (40). |

6. PROOF OF THEOREM 2.2

In this section we consider the Hilbert space (¢, V). Let us define ¥©
by

%© := the linear subspace of functions spanned by {(V7),, (V&) }..
Fix densities p and p. From (34), (37) we have, 4© 1| L%. From (32), (33),
(35), (36) we see that the projection of the space %" on 4 has rank 2d; in

particular the dimension of 4" is 2d. Lemma 5.3 therefore shows that

494119 is dense in %.
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Hence there exists a matrix D such that

inf V(- (w+D Vij+ Lg))) =0, @1

where the infimum is taken over g = (g, £,.-., &) With g; local functions,

and (Lg) = "(Lg,, Lg,,..., Lg»).
We give a variational formula for D. First we consider the case d = 1.
From (41) it follows that there exist (%, (¥ € L% such that

(()-2()

Taking inner product with w® and w” for each element of (42), we have
< - te(Ven) _se(Ve”) >
- te (Ve é) — S (Veé)

Note that the last matrix is — y. Since w®+(¥ and w?+{* are elements of
%© the left hand side of the last equality is equal to

<V(wE+CE, wE) V(wE+(E, wP)>
Vw?+2%, wE) V(wP+L%, wh)

(V(wE+CE, wELLE) V(wE+LE, wP+CP)>
VWP 48, wE+LE) V(WP 48, wh+LP) )’

Denote this matrix by D. Since aw is in the space spanned by aV# and L%,
which are the orthogonal complements of each other, V(a(w+{))Y? is
equal to the distance of aw to L%. Applying Proposition 5.1, we therefore
have the following variational formula for D: for ‘a = (a%, a?),

(a- Do) = iEan Do, (ocE <7]0+<Z rxgE>>+ocP(éo+<Z rxgp>>>,

where the infimum is taken over all local functions.
For d > 2, the diffusion coefficient matrix D = (D,
d, p, g € {E, P}, is determined by

Yfor 1<i,j<

> €is g €

E E
We, Vel n e
P P
we1 Vel é el
E E
wed Ved,] eq
P P
wed Vedé eq

E P P T@Z
where (.., 17, ,..., {,, € LY.
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Lemma 6.1. For d>2 if e#¢ then D

e =0, for all p,qe
{E, P}.

Proof. We have only to show that Dy, p , =Dy, p ., =0. Since we
have

WE=Y Dy 5 Ve + 3 Do oVl +LE,

taking inner product with V,# and V£, we have
V(we, Ven) =; Do 5oV (Verr, Vm)+; Dg o p.eV(Verl, Veor),
V(wg, V&) =; Dy, g oV (Veon, Vef€)+; Dy, 5oV (Vei, Vo).

Since V(w%, V) and V(w%, V,&) are zero if e # €/, we have only to show
that if e* # ¢’ then both V(V,.z, V) and V(V,.&, V,#) vanish. Denote by
0, the reflection operator with respect to the origin along the e direction
formally

X, if e#é€

(eex)e' = {

—X if e=e'.

e

We may extend 6, to the configuration space naturally by (6,7), =7, , and
@, )= f(6.7). Since our model is symmetric under #,, we have
V(f,g)=V(,f,0,2). From the definition of ¥, V is shift invariant,
namely V(f,g)=V(f,t,g) forall f,ge . Since 6,V,5 is equal to V,# if
e#¢ and —7,V,nif e=¢', we have

V(Vena Ve'”) = _V(Teve”a Ve’”) = _V(Ve”9 Ve’n) = 05
for all e # ¢'. In the same way we have
V(Vena Ve’f) = _V(Teve’Y’ Ve’é) = _V(Ve”’ Ve’é) = 05

for all e # ¢'. Hence we conclude the proof of the lemma. ||

From Lemma 6.1 we get the variational formula for the diffusion
coefficient matrix for d > 2 in the same way as in the case d=1. ||
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